Abstract For Runge-Kutta methods, linear multistep methods and other classes of general linear methods much attention has been paid in the literature to important nonlinear stability properties known as total-variation-diminishing (TVD), strong stability preserving (SSP) and monotonicity. Stepsize conditions guaranteeing these properties were studied by Shu and Osher (J. Comput. Phys. 77:439-471, 1988) and in numerous subsequent papers. Unfortunately, for many useful methods it has turned out that these properties do not hold. For this reason attention has been paid in the recent literature to the related and more general properties called total-variationbounded (TVB) and boundedness.
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Introduction

Bounds for numerical approximations
In this paper we deal with the numerical solution of initial value problems of the form
We shall study a wide class of numerical methods for solving such problems; thereby basing our study on the analysis of an abstract generic numerical process of the type
Here t > 0 denotes the stepsize, the vectors x j (1 ≤ j ≤ l) are the input vectors of the process, and y i (1 ≤ i ≤ m) the output vectors. In applications to concrete numerical methods, the output vectors usually stand for approximations to the exact solution u(t) of the differential equation at certain time levelst i , that is, We can represent N ≥ 1 consecutive steps of any GLM canonically by a process of the generic type (1.2) with m = N(s + r), where s is the number of internal stages and r the number of external stages computed at each step of the GLM. In this situation, the vectors x j (1 ≤ i ≤ l) stand for the starting vectors of the GLM, whereas the vectors y i (1 ≤ i ≤ m) represent the N · s internal and N · r external stage approximations computed during the N steps. Furthermore, the parameter matrices S = (s ij ) ∈ R m×l , T = (t ij ) ∈ R m×m , corresponding to the process (1.2), are determined by the number of steps N as well as by the coefficients of the given GLM. Detailed examples of such representations, as well as alternative representations of actual multistep-multistage methods, can be found in Spijker [22] for N = 1 and in Hundsdorfer, Mozartova and Spijker [17] for N > 1; cf. also Sect. 4 of the present paper.
We denote by V the vector space on which the differential equation is defined, and by · a real functional on V, i.e. v ∈ R for all v ∈ V. In the rest of the present
